Fracture of electrode particles due to diffusion-induced stress has been implicated as a possible mechanism for capacity fade and impedance growth in lithium-ion batteries. In brittle materials, including many lithium intercalation materials, knowledge of the stress profile is necessary but insufficient to predict fracture events. We derive a fracture mechanics failure criterion for individual electrode particles and demonstrate its utility with a model system, galvanostatic charging of Li x Mn 2 O 4 . Fracture mechanics predicts a critical C-rate above which active particles fracture; this critical C-rate decreases with increasing particle size. We produce an electrochemical shock map, a graphical tool that shows regimes of failure depending on C-rate, particle size, and the material's inherent fracture toughness K Ic . Fracture dynamics are sensitive to the gradient of diffusion-induced stresses at the crack tip; as a consequence, small initial flaws grow unstably and are therefore potentially more damaging than larger initial flaws, which grow stably. © 2010 The Electrochemical Society. ͓DOI: 10.1149/1.3464773͔ All rights reserved. Rechargeable batteries, especially lithium-ion batteries, are beginning to enable new paradigms in transportation and renewable energy. Essential to the success of these endeavors are assurances of performance and reliability, which in turn require that the underlying degradation phenomena that limit battery life be properly understood. Mechanical fracture has been implicated as a possible mechanism for capacity fade and impedance growth in lithium-ion batteries.
Rechargeable batteries, especially lithium-ion batteries, are beginning to enable new paradigms in transportation and renewable energy. Essential to the success of these endeavors are assurances of performance and reliability, which in turn require that the underlying degradation phenomena that limit battery life be properly understood. Mechanical fracture has been implicated as a possible mechanism for capacity fade and impedance growth in lithium-ion batteries. 1 Particle level fracture has been observed in postmortem electron microscopy studies of intercalation materials [2] [3] [4] [5] and is claimed as a source of acoustic emission during cycling. 6, 7 Models with realistic fracture criteria are needed to understand the role of fracture in electrode degradation and to design mechanically robust electrodes and, potentially, life-prolonging duty cycles. This is especially critical for high storage capacity materials such as silicon, tin, and their alloys, 8 and displacement reaction storage materials such as oxides 9, 10 and fluorides. 11 Some prior models of mechanical degradation have calculated diffusion-induced stresses, which arise from dimensional changes due to variations in composition, for battery electrode materials subjected to common electrochemical protocols. García et al. developed a two-dimensional ͑2D͒ finite element model to calculate stress profiles in composite electrodes. 12 Cheng and Verbrugge derived analytical expressions for stress evolution in spherical particles under potentiostatic and galvanostatic operation and have included surface effects in their calculation of stresses in nanoscale electrode particles. 13, 14 Golmon et al. used a homogenization approach to model composite electrodes and explored the effects of externally applied loads and electrode porosity. 15 Renganathan et al. used a quasi-2D porous electrode model for LiCoO 2 /graphite cells to evaluate stresses caused by compositional inhomogeneities and phase transformations. 16 Other models have suggested certain failure criteria to predict particle fracture caused by diffusion-induced stresses, but fracture mechanics criteria were not proposed or implemented. Christensen and Newman derived a detailed general model for diffusion-induced stresses in intercalation electrodes that includes elastodiffusion coupling, nonideal solution thermodynamics, and nonlinear partial molar volume. 17, 18 They suggested a "tensile yield stress" criterion ͑as-sumed to be the same everywhere within the electrode͒ to predict the onset of fracture. Christensen has since incorporated the diffusion-induced stress model, again using a tensile yield stress failure criterion, in a quasi-2D porous electrode ͑Dualfoil͒ model of LiMn 2 O 4 /mesocarbon microbead cells. 19 Zhang et al. implemented a numerical elastodiffusion model to calculate diffusion-induced stresses in spherical and ellipsoidal electrode particles 20, 21 but suggested the von Mises equivalent stress as a predictor of electrode failure. Cheng and Verbrugge have also proposed a single value of maximum tensile stress to predict fracture 22 due to diffusioninduced stress.
In typical lithium intercalation compounds, knowledge of the diffusion-induced stress profile is necessary but insufficient to predict fracture. Yield stress and von Mises equivalent stress failure criteria are not well defined for brittle materials. These concepts from continuum plasticity theory are most appropriate for materials that undergo dislocation-mediated plastic deformation; they are yield, not fracture criteria. Instead, linear elastic fracture mechanics can provide a unique failure criterion in terms of the stress intensity factor, which incorporates both the stress profile and the pre-existing flaw population.
There is a separate body of literature where fracture mechanics analysis has been applied to the mechanical degradation of lithium alloy electrodes. In contrast to the above-cited work, diffusioninduced stresses, due to composition gradients, have not been included as the driving force for fracture. Huggins and Nix developed a one-dimensional model for fracture of thin-film alloy electrodes undergoing a first-order phase transformation. 23 Wolfenstine proposed a critical grain size model for microcracking due to lithiation of tin 24 and with collaborators, measured the fracture toughness of Li x Sn alloys. 25 Aifantis et al. modeled radial cracking in composite anodes composed of active particles embedded in inert matrices. [26] [27] [28] Most recently, Hu et al. modeled cracks in two-phase LiFePO 4 /FePO 4 particles with interface coherency stresses with fully anisotropic elastic constants and stress-free strains. 29 The objective of the present study is to derive a fracture mechanics failure criterion for electrochemical systems having diffusioninduced stresses due to composition gradients. Here, we both calculate diffusion-induced stresses and use linear elastic fracture mechanics to predict fracture events. This approach gives a physically appropriate failure criterion for a large class of brittle electrode materials subjected to typical electrochemical duty cycles. Recently, Bhandakkar and Gao developed a cohesive model for crack nucleation in thin strip electrodes subjected to galvanostatic cycling; they find a critical size below which cracks do not nucleate. 30 We instead study the growth of a pre-existing dominant flaw in a single-particle electrode.
We propose the name "electrochemical shock" for fracture driven by diffusion-induced stresses in electrode materials because of the close analogy to thermal shock of brittle materials. Thermal shock refers to fracture due to thermoelastic stresses caused by rapid heating or cooling. Hasselman framed thermal shock in terms of fracture mechanics. 31 A more detailed and recent analysis is given by Bahr et al.
Methods
To develop and quantify a fracture mechanics failure criterion for electrochemical shock, we use individual spherical particles of Li x Mn 2 O 4 as a model system. We postulate that each particle of radius r max contains a finite-sized semielliptical surface crack of length a, as shown in Fig. 1 . To facilitate this model, we make a few simplifying assumptions. First, we assume that the crack faces are electrochemically inert so that only the spherical outer surface of the particle is reactive. Second, we treat Li x Mn 2 O 4 as a continuous solid solution 0 Յ x Յ 1 with elastic and fracture properties that are constant across the full composition range.
We use a two-step method to determine the stress intensity factor K I ͑a,t͒, defined in the stress intensity factor section, caused by galvanostatic charging. First, we calculate diffusion-induced stress profiles over a range of galvanostatic charge rates using a numerical elastodiffusion model. Then, we use the diffusion-induced stress profiles at the end of charging to calculate the stress intensity factor as a function of flaw size. It is possible that particles fracture at an intermediate time during charge, but the end-of-charge stress intensity factor is useful to predict fracture through the entire charging cycle. The calculated stress intensity factors are used to predict fracture for a wide range of C-rate and particle size combinations. The stress intensity factor-flaw size relationships are examined in detail to assess the dynamics of crack growth.
Elastodiffusion model.-To calculate diffusion-induced stress profiles, we implement a modified version of the numerical elastodiffusion model of Zhang et al. 21 All symbols presented in the text are also defined in the List of Symbols at the end of the paper. We repeat only the essential features of the original model that are necessary to understand the present work. We solve the diffusion equation
with a flux driven by gradients in concentration and hydrostatic stress
The second equality in Eq. 2 allows the stress-coupling effect to be recast as a concentration-dependent diffusivity. The parameter measures the stress-coupling effect and is given by
For galvanostatic charging, the boundary conditions are zero flux at the particle center and constant flux proportional to the surface current density i n normal to the particle surface
and the initial condition is the uniform concentration in the fully lithiated ͑discharged͒ state
To perform numerical calculations and report their results, we use the dimensionless variables suggested by Zhang et al.
The second equality in Eq. 8 comes from the relationship between the surface current density and C-rate for an individual spherical particle
C-rate describes the normalized charging rate of a cell and has units of h −1 . A C/n charge accumulates the full theoretical capacity of a cell in n hours. For example, a cell charged at a 2C-rate reaches its theoretical capacity in 30 min.
The boundary value problem is solved numerically using the built-in pdepe solver in MATLAB. The spherical particle is discretized into 10,000 spatial points and the time stepping is handled automatically by the built-in ode15s adaptive time integrator. Each simulation was run until the dimensionless concentration at the particle surface, ĉ͑r = 1,t final ͒ was less than 10 −6 . The diffusion-induced stresses are calculated by solving a linear elastic boundary value problem analogous to the calculation of thermal stresses. We relate the composition and stress profiles following Timoshenko and Goodier's method of calculating thermal stresses. 36 The resulting stress-composition relationships match those used by Cheng and Verbrugge.
14 First, we define the average concentration within a sphere of radius r, where r Յ r max , as
Assuming isotropic linear elasticity and traction-free boundaries, the radial and tangential stress profiles are given by r ͑r,t͒ = 2⍀E 9͑1 − ͒ ͓c av ͑r max ,t͒ − c av ͑r,t͔͒ ͓11͔ Figure 1 . ͑Color online͒ Geometry of a semicircular crack on the surface of a spherical electrode particle. A tensile tangential stress acts to increase the size of the crack.
͑r,t͒ = ⍀E 9͑1 − ͒ ͓2c av ͑r max ,t͒ + c av ͑r,t͒ − 3c͑r,t͔͒ ͓12͔
Numerical calculations are done in terms of the dimensionless stresses
Our Eq. 11 and 12 differ from the corresponding expressions of Zhang et al. because we take any state of uniform composition to be stress-free, matching the assumption of traction-free boundaries.
That is, diffusion-induced stresses in our model arise only from internal composition gradients, not from overall changes in composition. These results are directly applicable to single-phase materials, where stresses arise from composition gradients. Future modifications will include first-order phase transformations or interface coherency stresses.
Materials properties.-The Young's modulus and lithium diffusivity that we supply as inputs to the elastodiffusion model also differ significantly from those used by Zhang et al. First, it is believed that the value of the Young's modulus ͑10 GPa͒ that Zhang et al. 21 and Christensen and Newman 18 used to calculate diffusioninduced stress in LiMn 2 O 4 is roughly 1 order of magnitude too low given the structure and composition of this material. The original source of this value is Paolone et al. who reported the results of anelastic spectroscopy on porous sintered polycrystalline samples. 37 Instead, we have used a Young's modulus of E = 200 GPa in our calculations. Grechnev et al. calculated a bulk modulus of B Ϸ 200 GPa for LiMn 2 O 4 using ab initio methods. 38 For elastically isotropic materials, the bulk and Young's moduli are related by
Taking a Poisson's ratio of = 0.3, the corresponding Young's modulus is 240 GPa, much higher than the value reported by Paolone et al. As many other spinel oxides have E Ϸ 100-300 GPa, 39 ,40 E = 200 GPa seems a reasonable estimate of the true value for LiMn 2 O 4 .
We take the lithium diffusivity to be 2.2 ϫ 10 −9 cm 2 /s, the reported best fit value from a single-particle electrochemical model of LiMn 2 O 4 . 41 The complete set of material properties used as model inputs is given in Table I . The material properties used in the present study give a dimensionless stress-coupling parameter = 6.397, almost 20 times larger than the corresponding value of Zhang et al., Zhang = 0.3564.
Stress intensity factor.-Linear elastic fracture mechanics provides a deterministic failure criterion in terms of the stress intensity factor, which characterizes stress concentration ahead of a flaw. For the simple case of uniform tension, a material subjected to a stress containing a single flaw of characteristic size a experiences a stress intensity factor K = Y ͱ a, where Y is a dimensionless geometric factor. The stress intensity factor is conventionally expressed in SI units of MPa m 1/2 . For a classical reference on fracture mechanics, see the text by Lawn.
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A material's resistance to crack growth is described by a critical value of the stress intensity factor ͑K Ic ͒ known as the fracture toughness. When the applied stress intensity factor exceeds the material's fracture toughness, the pre-existing crack grows. The fracture toughness is a material property, whereas the fracture strength, that is, the stress necessary to induce crack growth, is not. Fracture strength depends on flaw geometry, loading conditions, and material properties. The crack propagation criterion in linear elastic fracture mechanics is consistent with thermodynamic free energy minimization. This criterion embodies the competition between a driving force from elastic strain energy, enhanced by the stress concentration around flaws, and a resistance due to the creation of fresh surface area. Models that assume a single threshold stress as a fracture criterion do not reflect the minimum free energy configuration for the system and therefore do not accurately predict fracture.
In brittle materials, surface flaws subjected to tensile stresses are the most common origin of catastrophic failure. For this reason, we simulate charging ͑deintercalation͒ of Li x Mn 2 O 4 , which produces tensile tangential stresses ͑because the partial molar volume of lithium in this material is positive͒ that tend to open the surface flaws, as illustrated in Fig. 1 . The fracture toughness of Li x Mn 2 O 4 is presently unknown, but can be determined experimentally. When this value is needed for analysis, we present results for a range of fracture toughness values representative of brittle materials.
We calculate stress intensity factors using the method of weight functions and an edge-cracked plate approximating geometry shown in Fig. 2 . The dimensions of the plate are related to those of the sphere as
The stress intensity factor of this plate under uniform tensile loading is used as the reference case for the method of weight functions, details of which are provided in the Appendix. This geometric approximation avoids an unrealistic assumption of a uniform stress profile yet does not require the intricacy of a full-scale finite element model. This approximation does not affect the character of the solution ͑i.e., the scaling with respect to flaw size and material parameters͒ and therefore serves to provide qualitative insight on the behavior of cracks subjected to nonuniform diffusion-induced stress profiles.
The stress intensity factor for this electrochemical shock problem can be calculated following the approach of Mattheck 43 by the integral equation
where K ref is the reference stress intensity factor and m͑x,a͒ is the weight function ͑a kernel or Green's function͒ against which the diffusion-induced stress profile is integrated. An essential feature of Eq. 16 is that the stress distribution is integrated over the entire crack length; this means that the spatial variation in the stress profile matters. A moderate, uniform stress profile can induce a stress intensity factor greater than a sharply peaked but rapidly decreasing stress profile; this effect is important for electrochemical shock at large currents. To generate a large stress intensity factor, the diffusion-induced stress must be large at the crack tip, not just at the particle surface. The weight function m͑x,a͒ is characteristic of the reference case; more details are given in the Appendix and the original literature. 43, 44 The stress distribution ͑x͒ is the tangential component of the diffusion-induced stress at the end of charge ͑t = t f ͒ subject to the change in variables x = r max − r. The reference case is uniform tensile loading in the z-direction of the semielliptical surface cracked plate. 45 The stress intensity factor calculated in this way is a function of crack dimensions a and w and the angle , all shown in Fig.  2b . As a simplifying case, we restrict our analysis to semicircular cracks with w = a. Results not presented here show that = 0 ͑and = , as required by the symmetry of the problem͒ is the direction of maximum stress intensity factor, so we consider only this direction. We neglect mode II and III crack face loading because the material's other toughness values, K IIc and K IIIc , are generally much larger than K Ic . For numerical calculations, we make the problem dimensionless by normalizing all lengths to the particle radius and we introduce the dimensionless stress intensity factor
͓17͔

Results and Discussion
To provide a concrete picture of our results, we take as an illustrative example the simulation with Î = 0.92, embodied as a 5C galvanostatic charge of a 21 m particle and provide dimensionalized ͑i.e., physical units of measure͒ results. The results highlighted by this example hold generally for galvanostatic electrochemical shock. Figure 3 shows the time evolution of the tangential stress profile at five different radial positions during the 5C charge. As expected for deintercalation of a material with a positive partial molar volume of lithium, the surface tangential stress is tensile ͑positive͒, whereas the tangential stress at the particle center is compressive. The spatial profile would be reversed for discharge or if the partial molar volume was negative. The tangential stress shows rapid changes at the beginning and end of cycling, which is reflective of the assumption of ideal solution behavior underlying Eq. 2. The spread between maximum and minimum tangential stresses increases monotonically throughout the charging process.
The tangential stress profile at the end of charge is the key link between the elastodiffusion model and the stress intensity factor model. We take the end-of-charge state as the surface lithium concentration going to zero, which physically corresponds to a voltage cutoff for constant-current charging. After reaching this state, charging may be terminated, allowing the particle to relax to a state of uniform lithium concentration, or charging may continue under a potential-controlled step, a so-called constant-current constantvoltage charge sequence. We do not study the additional potentialcontrolled step, but it is a natural extension of this work.
It is likely that particles fracture at an intermediate time during galvanostatic charging; the end-of-charge state gives the most severe loading condition and is therefore used to predict if fracture is possible for a given set of conditions. If a particular instantaneous stress profile and crack length would cause fracture at the intermediate time, our model still predicts fracture for that particle at the end-ofcharge state. We do not attempt to predict the temporal rate of fracture events; we seek only to predict if fracture is an energetically favorable event. Figure 4 shows the tangential stress ͑curve a, blue, left axis͒ and composition ͑curve b, red, right axis͒ profiles at the end of charging for the same Î = 0.92 example case. The gradients of both the composition and tangential stress profiles are most severe near the particle surface ͑r = 21 m͒ and least severe near the center of the particle ͑r = 0͒. The area under the composition curve indicates that there is substantial unused capacity at the end of the galvanostatic The shading under the curve, explained later, delineates the crack growth dynamical modes for K Ic = 1 MPa m 1/2 . Again, the fracture toughness of Li x Mn 2 O 4 is presently unknown but can be determined experimentally. Generalizing from this particular example, fracture only occurs if the maximum stress intensity factor for a given particle size and C-rate exceeds the material's inherent fracture toughness. Fracture does not occur if the maximum stress intensity factor for a particular particle size and C-rate does not exceed the fracture toughness.
The example case shown in Fig. 3 -5 demonstrates why a fracture mechanics criterion is required to predict electrochemical shock. As shown in Fig. 3 , the maximum tangential stress in this particle is nearly 800 MPa, greatly exceeding any proposed tensile fracture stress. However, as argued in the preceding paragraph, this particle does not fracture if the fracture toughness of LiMn 2 O 4 is greater than 2.5 MPa m 1/2 . This shows that the spatial variation in the stress profile throughout the particle, not just the peak tensile stress, determines the likelihood of fracture. Again generalizing from this example, the fracture mechanics criterion predicts that intercalation electrodes are likely more resilient to electrochemical shock than tensile stress criteria suggest.
We apply the fracture mechanics criterion for electrochemical shock across a wide range of particle sizes and C-rates using the dimensionless current and dimensionless stress intensity factor. Figure 6 shows that the maximum dimensionless stress intensity factor initially increases with dimensionless current across several orders of magnitude but decreases at very high dimensionless currents. The increase is easily understood as an overall increase in the diffusioninduced tangential stress as the current increases. The decrease can be explained as a "skin" effect: Although the nominal maximum stresses may be large, the tensile stress field rapidly decays through a thin region near the particle surface. Therefore, only the smallest flaws, those with their crack tip in the vicinity of the surface, are affected and the maximum stress intensity factor is diminished. Figure 7 shows the critical combinations of particle size and C-rate that can cause fracture during galvanostatic charging. This figure, which we call an electrochemical shock map, gives a simple picture of fracture-safe and fracture-likely conditions. As proxies for the unknown fracture toughness of of LiMn 2 O 4 do not induce fracture; conditions lying above ͑and to the right of͒ the curve may cause fracture, depending on the preexisting flaw size.
The example case shown in Fig. 3-5 is indicated on the electrochemical shock map ͑Fig. 7͒ as an orange star. The position of the star shows that this particle is subject to fracture if the fracture toughness is ͑a͒ 0.1 or ͑b͒ 1 MPa m 1/2 but does not fracture if the fracture toughness is ͑c͒ 3, ͑d͒ 5, or ͑e͒ 10 MPa m 1/2 . The general trend of decreasing critical C-rate with increasing particle size matches our intuition that large particles subjected to fast charges are most readily damaged. Furthermore, the skin effect is manifested in the upward bowing of curve ͑e͒ for K Ic = 10 MPa m 1/2 in Fig. 7 . The skin effect appears first along the particle size axis because the dimensionless current scales quadratically with particle size but linearly with C-rate. The fracture mechanics analysis suggests that electrochemical shock can be prevented by limiting particle size or by optimizing electrochemical charging routines.
Using a controlled variable current charge, starting from a low rate and building to a high rate, it may be possible to charge rapidly without inducing fracture. The low initial rate builds a reservoir of composition in the center of the particle that limits the maximum concentration gradient inside the particle as the charge is ramped to higher rates.
The accuracy of electrochemical shock prediction is currently limited by uncertainty in lithium diffusivity data. Reported values for our model compound LiMn 2 O 4 span at least 3 orders of magnitude, as summarized in Table III of Ref. 41 . Although the diffusivity used in the present study was the best fit value from Zhang's analysis, 41 it is larger than some other reported values. A lower diffusivity value would lead to fracture at lower rates and/or smaller particle sizes than those predicted in Fig. 7 , whereas a greater diffusivity would have the opposite effect. To accurately predict electrochemical shock, we seek better experimental diffusivity data. This fracture mechanics model could also be integrated into a porous electrode model to predict mechanical damage accumulation in composite battery electrodes. The C-rate in Fig. 7 refers to the local single-particle C-rate, not the homogenized macroscopic C-rate describing a composite electrode. In a composite electrode, there may be spatial inhomogeneities in the current density, especially in the thickness direction. If we have a model for the current distribution of a porous composite electrode, this fracture model can be applied to predict fracture of individual active particles composing that electrode. Integration of this model with a conventional porous electrode theory would mirror the approach of Christensen 19 and Renganathan et al. 16 Returning to Fig. 5 , we find that crack growth due to diffusioninduced stress can be stable or unstable, depending on the initial flaw size. Fracture mechanics predicts unstable crack growth when
and
Physically, these conditions imply that crack growth is unstable when the stress intensity factor exceeds the fracture toughness and the crack growth driving force increases as the crack grows. Cracks that grow unstably accumulate kinetic energy that causes them to grow beyond any secondary stable length; this is one mechanism by which terminal failure may occur. Counterintuitively, small initial flaws, those flaws smaller than the crack length corresponding to the maximum stress intensity factor, may be more damaging than larger initial flaws because small flaws grow unstably. Our intuition fails because small cracks feel only the large tangential stresses near the particle surface. As the tangential stress decreases rapidly through the particle, the crack tips of larger flaws experience less severe opening loads. Again, this demonstrates that the spatial variation in the stress profile is important to electrochemical shock prediction. The initial rapid increase in stress intensity factor in Fig. 5 satisfies the conditions for unstable crack growth, assuming that the fracture toughness does not increase rapidly with flaw size. As these cracks begin to grow, they experience an even greater crack growth driving force. This gives the cracks kinetic energy, which causes them to grow beyond any second length where K I = K Ic . The excess kinetic energy can be sufficient to cause the crack to grow through the particle to another free boundary, causing terminal failure. One can envision that terminal particle failure due to unstable crack growth may cause isolation of active material from the conductive network in a composite electrode, thereby contributing to electrode degradation.
In contrast, large flaws, those flaws larger than the sizes corresponding to the maximum stress intensity factor, grow stably to a length that satisfies K I = K Ic , where crack growth is arrested. Although terminal failure is unlikely for flaws that grow stably, the increased surface area may still have a deleterious effect on electrode performance and lifetime.
This difference in crack growth dynamics depends only on the pre-existing flaw size. Consider two identically sized particles subjected to galvanostatic charging at the same C-rate, one with a very large flaw and the other with a small flaw. The particle with the larger flaw undergoes stable crack growth to some final length, where the crack arrests. The particle with the smaller flaw undergoes unstable crack growth, which may cause terminal failure of the particle. Figure 8 compares schematically the anticipated consequences of ͑a͒ unstable and ͑b͒ stable crack growth dynamics associated with small and large initial flaws, respectively. This picture of stable and unstable crack growth matches Hasselman's classic result for thermal shock, where small initial flaws have a more deleterious effect on the strength of brittle materials subject to rapid thermal quenching. 31 Our fracture mechanics model preserves the analogy between thermal and diffusion-induced stresses, which was used to solve the elastic boundary value problem.
The shading in Fig. 5 corresponds to the crack growth dynamics for K Ic = 1 MPa m 1/2 : green for no crack growth, red for unstable crack growth, and blue for stable crack growth. The two crack growth dynamical modes are separated by the maximum in the stress intensity factor-flaw size relationship.
Although we have not incorporated the statistical nature of flaw size distributions, it significantly impacts the mechanical durability of real electrode materials. Our model assumes the existence of a single largest pre-existing flaw in a given particle. Flaw populations in most materials are well described by Weibull statistics, where the probability of finding a "large" flaw scales rapidly with the volume of material. A Weibull model for the flaw distribution could be used when extending this model to real composite electrodes containing many individual active particles.
Fatigue may promote mechanical failure if subcritical cracks ͑i.e., those having stress intensity factor less than the fracture toughness͒ are present. Cyclic charging and discharging cycles induce cyclic tension and compression, which is known to promote subcritical crack growth. The rate of subcritical crack growth is characterized by the empirical relationship known as Paris' Law, expressed as
where C Paris and p are empirical parameters. Repeated cycling causes the initially small crack to grow until its stress intensity factor reaches the fracture toughness and unstable crack growth and, potentially, terminal failure as was discussed previously, occurs. The method developed in this study can be used to calculate ⌬K for different charge-discharge cycles to predict fracture events throughout the life of an intercalation electrode. Experience in fatigue crack growth in brittle materials shows that C Paris and p are sensitive to small changes in environmental conditions. Because the crack tip is an electrochemically active environment, such sensitivity should be expected in electrochemical shock. In summary, we have derived a fracture model to predict electrochemical shock using particle size and C-rate as inputs. We used a numerical elastodiffusion model to predict coupled composition and stress profiles for individual spherical particles. Then, we use our fracture mechanics model to calculate the corresponding stress intensity factor-flaw size relationships. The fracture mechanics model is general enough to be integrated with any model for diffusion-induced stress, including those of Garcìa et al., 12 Christensen and Newman, 17, 18 or Cheng and Verbrugge. 13, 14 This integration would provide a fracture mechanics failure criterion for those stress models and could be used to extend the applicability of our model to include nonideal solution thermodynamics, nonlinear partial molar volume, and phase transformations.
Conclusions
Fracture mechanics predicts a critical C-rate for fracture during galvanostatic charging, which decreases with increasing particle size. We show the critical combinations of C-rate and particle size for the model system Li x Mn 2 O 4 on an electrochemical shock map, which shows the division between fracture-safe and fracture-likely conditions. Electrochemical shock maps can be used as a material selection tool; as one simple example, a designer given a required C-rate could identify mechanically durable electrode active materials and particle sizes on the map.
The fracture mechanics analysis shows that electrode particles are likely more resilient to electrochemical shock than tensile stress criteria have suggested. The highly nonuniform tangential stress profiles caused by galvanostatic charging produce a maximum stress intensity factor for a given combination of C-rate and particle size. In cases where the maximum stress intensity factor is less than the fracture toughness of the material, fracture does not occur; however, fatigue may cause subcritical flaws to grow and produce larger stress intensities. In cases where the maximum stress intensity factor exceeds the fracture toughness of the material, pre-existing cracks grow; small pre-existing cracks grow unstably and larger preexisting flaws grow stably. Due to the difference in growth dynamics, we can envision scenarios where small flaws have a more deleterious effect on battery lifetime than large flaws.
The dependence of stress intensity factor on both particle size and galvanostatic charge rate suggests that electrochemical shock can be avoided by tailoring the microstructure and charging profiles of intercalation electrodes to minimize the diffusion-induced stress intensity factor.
